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For a separable, inﬁnite dimensional Hilbert space, it was recently shown by the authors
that the similarity orbit of a hypercyclic operator contains a path of operators which
is dense in the operator algebra with the strong operator topology, and yet the set of
common hypercyclic vectors for the entire path is a dense Gδ set. Motivated by that result,
we show in the present paper that the unitary orbit of any hypercyclic operator contains
a path of operators whose closure contains the entire unitary orbit with the strong operator
topology, and yet every nonzero vector in the linear span of the orbit of a given hypercyclic
vector is a common hypercyclic vector for the entire path.
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1. Introduction
Let H be a separable, inﬁnite dimensional Hilbert space over the complex ﬁeld C, and let B(H) represent the algebra
of all bounded linear operators T : H −→ H . An operator T in B(H) is hypercyclic if there exists a vector g in H for which
its orbit Orb(T , g) = {Tng: n  0} is dense in H . Any such vector g is called a hypercyclic vector for the operator T . The
set of all hypercyclic vectors for T is denoted by HC(T ), which is known to be a dense Gδ set; see Kitai [21]. Hence an
application of the Baire Category Theorem shows that any countable collection of hypercyclic operators {Tn} has a dense
Gδ set
⋂HC(Tn) of common hypercyclic vectors. Since the Baire Category Theorem does not work for an uncountable
collection of dense Gδ sets, the study of common hypercyclic vectors for an uncountable family of hypercyclic operators
becomes interesting. Recent works on common hypercyclic vectors include those of Abakumov and Gordon [1], R. Aron,
J. Bès, F. León, and A. Peris [3], Bayart [4], Bayart and Grivaux [6], Bayart and Matheron [5], Conejero, Müller, and Peris [15],
Costakis and Sambarino [16], León-Saavedra and Müller [22].
In order to maintain some continuity structure in the uncountable family of hypercyclic operators, Chan and Sanders [11]
introduced the concept of a path of operators, which is a family of operators {Ft ∈ B(H): t ∈ I}, where I is an interval of
real numbers such that the map F : I → (B(H),‖ · ‖) deﬁned by F (t) = Ft is continuous with respect to the usual topology
on I and the operator norm topology on B(H). Particularly, they [11, Theorems 2.1, 2.4] gave one suﬃcient condition, and
one other necessary and suﬃcient condition for a path of operators to have a dense Gδ set of common hypercyclic vectors.
In the special case that the interval I consists of exactly one point, the path has exactly one operator and their suﬃcient
condition reduces to the well-known Hypercyclicity Criterion, which is a suﬃcient condition for a single operator to be
hypercyclic. The Criterion was ﬁrst found by Kitai [21, Theorem 1.4], and was rediscovered in a much greater generality by
Gethner and Shapiro [18, Theorem 2.2]. For a more recent generalization, one may refer to Bès and Peris [8, Deﬁnition 1.2].
Along the line of ideas in [11], Chan and Sanders [13] showed that there is a path of hypercyclic operators which is dense
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of hypercyclic vectors. Here we have to consider SOT because the collection of hypercyclic operators is not norm-dense in
B(H). In fact, Chan [10] showed that the collection is not even norm-dense outside the unit ball of B(H), nevertheless it is
SOT-dense in the whole algebra B(H).
Even if every operator on a path satisﬁes the Hypercyclicity Criterion, the path may not have a common hypercyclic
vector. For that, Chan and Sanders [11] constructed a path of unilateral weighted backward shifts each of which satisﬁes
the Criterion, but the path does not have a common hypercyclic vector. Furthermore, Sanders [23, Proposition 2.1] showed
that even if every operator on a path satisﬁes the Criterion in the exact same way, the path may still fail to have a common
hypercyclic vector. Thus, having a common hypercyclic vector is not a trivial phenomenon for a path of operators.
One way to generate a path of hypercyclic operators for a given hypercyclic operator T is using the fact that every op-
erator in the conjugate class S(T ), or also known as the similarity orbit, deﬁned by S(T ) = {A−1T A: A ∈ B(H) is invertible},
is hypercyclic. Indeed Bès and Chan [7] showed that the similarity orbit S(T ) is always SOT-dense in B(H). Since the set
of all invertible operators in B(H) are path connected (see Douglas [17, Corollary 5.30]), and the inverse map A → A−1
is continuous on that set, we see that the similarity orbit S(T ) is also path connected. Hence it is natural for Chan and
Sanders [14, Theorem 2.4] to exhibit a path of operators in the similarity orbit S(T ) with the property that the whole path
is SOT-dense in B(H) and yet all operators on the path have a dense Gδ set of common hypercyclic vectors.
In the present paper, we study a suborbit of the similarity orbit S(T ) called the unitary orbit U(T ) given by U(T ) =
{U∗TU : U ∈ B(H) is unitary}. Both similarity orbit S(T ) and unitary orbit U(T ) are studied in the books of Herrero [20],
and Apostol, Fialkow, Herrero, and Voiculescu [2]. Since every operator in the unitary orbit U(T ) has the same norm ‖T‖,
the orbit U(T ) cannot be norm-dense in B(H). In fact, the unitary orbit U(T ) even fails to be SOT-dense in ‖T‖ · sph(H),
where sph(H) denotes the unit sphere in the Hilbert space H . For that one can easily construct a simple argument, or refer
to Chan and Sanders [14, p. 147]. The unitary operators are path connected; see Douglas [17, Proposition 5.29]. Hence, the
unitary orbit U(T ) is path connected in the exact same way as the similarity orbit.
It is natural to ask what one can say about common hypercyclic vectors for the unitary orbit U(T ). It is easy to observe
that the entire unitary orbit U(T ) fails to have a common hypercyclic vector when HC(T ) = H \ {0}. For instance, if x is
a unit hypercyclic vector for T and y is a unit non-hypercyclic vector for T , then there is a unitary operator U in B(H)
such that U y = x, and hence y ∈ HC(U−1TU ) \ HC(T ). On the positive side, we prove in Theorem 2.1 below that if T is a
hypercyclic operator, then its unitary orbit U(T ) contains a path of operators whose SOT-closure contains U(T ) and yet the
whole path has a dense Gδ set of common hypercyclic vectors. In fact, for any given hypercyclic vector g in HC(T ), such
a path can be found so that any nonzero vector in the linear span of Orb(T , g) is a common hypercyclic vector. Then in
Corollary 3.1 below, we show how to select such a path so that every nonzero vector in the linear span of countably many
prescribed linearly independent vectors is a common hypercyclic vector. Lastly we provide analogues of these two results
for chaotic operators, and weakly hypercyclic operators which are operators having a weakly dense orbit.
2. Unitary orbit
In this section we provide the main result of the present article. It is motivated by the work of Bourdon [9] who
proved that if g is a hypercyclic vector of a hypercyclic operator T , then every nonzero vector in the linear span of the orbit
Orb(T , g) is a hypercyclic vector. Thus, the set HC(T ) of hypercyclic vectors contains a dense linear manifold except the zero
vector. We now show that we can generate a path of operators in the unitary orbit U(T ) whose SOT-closure contains U(T ).
Furthermore, for any given hypercyclic vector g , the path can be constructed so that every nonzero vector in the linear span
of the orbit Orb(T , g) is a common hypercyclic vector. To be more precise, we state the result ﬁrst.
Theorem 2.1. Let H be a separable, inﬁnite dimensional Hilbert space over the complex ﬁeld C, and let T in B(H) be a hypercyclic
operator. If g ∈ HC(T ), then there exists a path of operators {Ft ∈ B(H): t ∈ [0,∞)} contained entirely in the unitary orbit U(T ) for
which U(T ) ⊆ {Ft ∈ B(H): t ∈ [0,∞)}SOT and the dense Gδ set⋂t∈[0,∞) HC(Ft) of common hypercyclic vectors for the whole path
contains all nonzero vectors in the linear span of Orb(T , g).
To prove Theorem 2.1, we ﬁrst need to establish two technical lemmas. The ﬁrst lemma is a suﬃcient condition for a
sequence of operators in a unitary orbit to converge in the strong operator topology.
Lemma 2.2. Let {ei: i  1} be an orthonormal basis of the Hilbert space H, and let V and T be operators in B(H) with V unitary. If
(U˜k)∞k=1 is a sequence of unitary operators in B(H) such that for every integer k 1, we get
∣∣〈(U˜k − V )ei, e j 〉∣∣< 1k , for 1 i, j  k,
then U˜∗T U˜k SOT−−→ V ∗T V as k → ∞.k
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By our hypothesis, if k i then
∥∥Pk(U˜k − V )ei∥∥2 = k∑
j=1
∣∣〈(U˜k − V )ei, e j 〉∣∣2 < k∑
j=1
1
k2
= 1
k
.
Since ‖PkV ei‖ → ‖V ei‖ = 1, for large enough k we obtain∥∥(I − Pk)U˜kei∥∥2 = ‖U˜kei‖2 − ‖PkU˜kei‖2
 1− (‖PkV ei‖ − ∥∥Pk(U˜k − V )ei∥∥)2,
which goes to 0 as k → ∞. Since it is clear that ‖(I − Pk)V ei‖ → 0, and so for each i  1,∥∥(U˜k − V )ei∥∥2 = ∥∥Pk(U˜k − V )ei∥∥2 + ∥∥(I − Pk)(U˜k − V )ei∥∥2 → 0.
Using this limit, we see that for any vector h ∈ H and  > 0, we can have a vector g =∑ni=1 aiei with each ai ∈ C so that‖h − g‖ <  , and ‖(U˜k − V )g‖ → 0.
Hence,∥∥(U˜k − V )h∥∥ ∥∥(U˜k − V )g∥∥+ ∥∥(U˜k − V )(h − g)∥∥ ∥∥(U˜k − V )g∥∥+ 2.
Thus, U˜k
SOT−−→ V .
If 1 i, j  k, then by our hypothesis we have∣∣〈ei, (U˜∗k − V ∗)e j 〉∣∣= ∣∣〈(U˜k − V )ei, e j 〉∣∣< 1k ,
and so, using the same above argument, we get U˜∗k
SOT−−→ V ∗ as k → ∞. To conclude the proof, note that for any vector f
in H , ∥∥U˜∗k T U˜k f − V ∗T V f ∥∥ ∥∥U˜∗k T U˜k f − U˜∗k T V f ∥∥+ ∥∥U˜∗k T V f − V ∗T V f ∥∥
 ‖T‖‖U˜k f − V f ‖ +
∥∥(U˜∗k − V ∗)T V f ∥∥,
which goes to 0, as k → ∞. 
In the proof of Lemma 2.2, we show that the hypothesis of the lemma implies that U˜k
SOT−−→ V and U˜∗k SOT−−→ V ∗ as
k → ∞. However, one should note that, for general operators Ak and A, the convergence Ak SOT−−→ A does not necessarily
imply A∗k
SOT−−→ A∗ . The implication is valid, if we assume both Ak and A are normal operators, particularly when they are
unitary operators in Lemma 2.2. For a reference, one may see Halmos [19, Problems 110 and 116].
To prove Theorem 2.1, we need to create a path of unitary operators, which take orthonormal vectors to orthonormal
vectors. To handle that situation, we need a second lemma that shows how to replace a ﬁnite set of k nearly orthogonal
vectors to a set of n orthonormal vectors.
Lemma 2.3. Let  > 0 and let k 1 be an integer. There exists a δ with 0 < δ < 1 such that for any subspace M of the Hilbert space H
with dimM  k and for any linearly independent set {x1, x2, . . . , xk} in M satisfying
(i) |‖xi‖ − 1| < δ, for 1 i  k, and
(ii) |〈xi, x j〉| < δ, for i = j,
then there is an orthonormal basis {ui} of M such that ‖xi − ui‖ <  whenever 1 i  k.
Proof. For any linearly independent set {x1, x2, . . . , xk} in a subspace M , we use the Gram–Schmidt process to create an
orthonormal set {u1,u2, . . . ,uk} in M . That is,
u1 = x1‖x1‖ ,
u2 = x2 − 〈x2,u1〉u1‖x2 − 〈x2,u1〉u1‖ ,
u3 = x3 − 〈x3,u1〉u1 − 〈x3,u2〉u2 ,‖x3 − 〈x3,u1〉u1 − 〈x3,u2〉u2‖
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uk =
xk −∑k−1j=1〈xk,u j〉u j
‖xk −∑k−1j=1〈xk,u j〉u j‖ .
For each integer i with 1 i  k, we have
‖xi − ui‖ =
∥∥∥∥xi − xi −
∑i−1
j=1〈xi,u j〉u j
‖xi −∑i−1j=1〈xi,u j〉u j‖
∥∥∥∥. (2.1)
On the other hand, for any integer j with 1  j  i − 1, we obviously have 〈xi,u j〉 = 〈xi, x j〉 + 〈xi,u j − x j〉 and hence,
|〈xi,u j〉| δ+ (1+ δ)‖u j − x j‖. Thus, the sum ∑i−1j=1〈xi,u j〉u j in (2.1) can be estimated inductively. Hence we can determine
δ > 0 for a given  > 0 in the statement of the lemma using a standard –δ argument. Finally, once the vectors u1,u2, . . . ,uk
in M are determined, one can extend them to a full orthonormal basis of M . 
We are now ready to prove Theorem 2.1. For the SOT part of the theorem, the ﬁnite dimensional considerations in
Lemmas 2.2 and 2.3 are helpful because the deﬁnition of an SOT-basic open set is given in terms of a ﬁnite number of
vectors. To complete the proof, we have to exhibit a path of operators lying inside the unitary orbit, and show they have
the necessary common hypercyclic vectors.
Proof of Theorem 2.1. We ﬁrst construct a speciﬁc countable collection of operators in the unitary orbit U(T ) whose SOT-
closure contains the entire unitary orbit U(T ). Then we use that countable collection of operators to construct the desired
path of operators.
To this end, let g ∈ HC(T ). Since the orbit of a hypercyclic vector is a dense, linearly independent set, we can use the
Gram–Schmidt process to ﬁnd an orthonormal basis {ei: i  1} of H such that for each integer k 1, we have
span{ei: 1 i  k} = span
{
T i g: 0 i  k − 1}. (2.2)
For each integer k 1, let Hk be the k-dimensional subspace of H given by
Hk = span{ei: 1 i  k}. (2.3)
The operator algebra B(Hk) is also ﬁnite dimensional and so norm separable. Thus, there is a countable collection of unitary
operators {Vn,k: n  1} in B(Hk) whose norm closure contains all unitary operators in B(Hk). For integers n,k  1, deﬁne
operators Un,k : Hk ⊕ H⊥k −→ Hk ⊕ H⊥k by
Un,k = Vn,k ⊕ IH⊥k , (2.4)
where IH⊥k
is the identity map on H⊥k , the orthogonal complement of Hk in H .
The set U given by
U = {Un,k ∈ B(H): n,k 1} (2.5)
is a countable collection of unitary operators, which we use to generate a countable collection of operators in the unitary
orbit U(T ) of T whose SOT-closure contains U(T ).
Claim 1. U(T ) ⊆ {U∗TU : U ∈ U}SOT .
Proof. From Lemma 2.2, it suﬃces to show that for any unitary operator V in B(H), there exists a sequence (U˜k)∞k=1 of
unitary operators in U such that for every integer k 1, we get∣∣〈(U˜k − V )ei, e j 〉∣∣< 1k , whenever 1 i, j  k. (2.6)
Let δ be the number provided by Lemma 2.3 corresponding to the given integer k and  = 12k > 0. We now proceed to
construct the linearly independent set {x1, x2, . . . , xk} satisfying conditions (i) and (ii) of Lemma 2.3. We start with the
orthonormal set {V e1, V e2, . . . , V ek}. Choose an integer Nk  k such that for each integer i with 1 i  k, we have
1− δ
2
<
Nk∑∣∣〈V ei, el〉∣∣2  1. (2.7)
l=1
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Nk∑
l=1
〈V ei, el〉〈V e j, el〉
∣∣∣∣∣< δ. (2.8)
For each integer i with 1 i  k, let
xi =
Nk∑
l=1
〈V ei, el〉el +
√
δ
2
ei+Nk . (2.9)
The vectors x1, x2, . . . , xk in Hk+Nk are linearly independent, because of their components ei+Nk . Moreover, using conditions
(2.7) and (2.8), one can easily show the vectors x1, x2, . . . , xk satisfy conditions (i) and (ii) in Lemma 2.3. Thus, there exists
an orthonormal basis {ui: 1 i  k + Nk} of Hk+Nk such that for each integer i with 1 i  k,
‖ui − xi‖ <  = 12k . (2.10)
Consider the unitary operator V˜ in B(Hk+Nk ) which satisﬁes V˜ ei = ui for 1  i  k + Nk . Note that from (2.9), we have〈V ei, e j〉 = 〈xi, e j〉 for any integers i, j with 1 i, j  k, and hence∣∣〈V˜ ei − V ei, e j〉∣∣= ∣∣〈ui − xi, e j〉∣∣< 12k . (2.11)
Since the norm closure of the collection {Vn,k+Nk ∈ B(Hk+Nk ): n 1} contains all unitary operators in B(Hk+Nk ), there exists
an integer nk  1 for which
‖Vnk,k+Nk − V˜ ‖ <
1
2k
. (2.12)
Let U˜k = Unk,k+Nk = Vnk,k+NK ⊕ IH⊥k+Nk . Observe that U˜k ∈ U , and for any integers i, j, k with 1 i, j  k, we have∣∣〈(U˜k − V )ei, e j 〉∣∣ ∣∣〈(U˜k − V˜ )ei, e j 〉∣∣+ ∣∣〈V˜ ei − V ei, e j〉∣∣
= ∣∣〈(Vnk,k+Nk − V˜ )ei, e j 〉∣∣+ ∣∣〈V˜ ei − V ei, e j〉∣∣
<
1
2k
+ 1
2k
, by (2.11) and (2.12)
= 1
k
,
which concludes the proof of Claim 1. 
We are now ready to construct a path of operators between T and U ∗TU for each U ∈ U .
Claim 2. For each vector g ∈ HC(T ) and operator U in the corresponding collection U , there is a path of operators between T and
U∗TU contained entirely in the unitary orbit U(T ). Furthermore its set of common hypercyclic vectors contains all nonzero vectors in
spanOrb(T , g).
Proof. Let integers n,k 1. Recall that Un,k = Vn,k ⊕ IH⊥k , where Vn,k is a unitary operator in B(Hk). The unitary operators
in B(Hk) are path connected; see Douglas [17, Proposition 5.29]. Thus, there is a path {At ∈ B(Hk): t ∈ [0,1]} of unitary
operators with A0 = IHk and A1 = Vn,k , where IHk is the identity map in B(Hk). For each t ∈ [0,1], deﬁne an operator
Ut : Hk ⊕ H⊥k −→ Hk ⊕ H⊥k by
Ut = At ⊕ IH⊥k , (2.13)
and set Gt = U∗t T Ut . Each Ut is unitary, and so {Gt ∈ B(H): t ∈ [0,1]} is a path of operators between T and U∗n,kT Un,k
contained entirely in the unitary orbit U(T ).
To complete the proof of our claim, we need to show the nonzero vectors in spanOrb(T , g) are contained in⋂
t∈[0,1] HC(Gt). For that, we ﬁrst observe that for any unitary operator U and any nonzero vector h in H , we obviously
have
h ∈ HC(U∗T U) if and only if Uh ∈ HC(T ), (2.14)
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the orbit Orb(T , g). By Condition (2.2), there exist an integer n  k + 1 and scalars a1,a2, . . . ,an ∈ C for which p(T )g =∑n
i=1 aiei . We now observe that
Ut p(T )g = At
(
k∑
i=1
aiei
)
⊕
n∑
i=k+1
aiei, by (2.13)
∈ (Hk ⊕ span{ei: k + 1 i  n}) \ {0}
= (span{ei: 1 i  n}) \ {0}, by (2.3)
⊆ {spanOrb(T , g)} \ {0}, by (2.2)
⊆ HC(T ).
Therefore, it follows from (2.14) that p(T )g ∈ HC(U∗t T Ut) = HC(Gt), and this concludes the proof of Claim 2. 
We now construct the desired path of operators. Let {T j: j  1} be an enumeration of the countable set {U∗TU : U ∈ U}.
By Claim 2 and the Baire Category Theorem, for each integer j  1, there is a path {Gt, j ∈ B(H): t ∈ [0,1]} contained
entirely in the unitary orbit U(T ) for which G0, j = T = G1, j and G1/2, j = T j , and in addition {spanOrb(T , g)} \ {0} ⊆⋂
t∈[0,1] HC(Gt, j). For each t ∈ [ j, j + 1], let Ft = Gt− j, j . Note that {Ft ∈ B(H): t ∈ [1,∞)} is a path of operators con-
tained entirely in the unitary orbit U(T ). By Claim 1, we get U(T ) ⊆ {Ft ∈ B(H): t ∈ [1,∞)}SOT . Furthermore, the set⋂
t∈[0,1] HC(Gt) of common hypercyclic vectors is a Gδ set; see [12, Corollary 2.3]. Hence, by the Baire Category Theorem,⋂
t∈[1,∞) HC(Ft) =
⋂∞
j=1
⋂
t∈[0,1] HC(Gt, j) is a dense Gδ set which contains {spanOrb(T , g)} \ {0}. 
It is clear from the beginning statement in the proof of Claim 1 above that the unitary operators are SOT-separable. In
contrast, the set of all unitary operators in B(H) is not norm-separable. One way to see that is to take H to be, via a Hilbert
space isomorphism, the L2 space for the Lebesgue measure λ on [0,1], on which every bounded measurable function ψ
induces a multiplication operator Mψ : L2 → L2. Then Mψ is unitary if |ψ | = 1 almost everywhere. For our argument, it
suﬃces to show that the set C of all Mψ with |ψ | = 1 almost everywhere is not norm-separable in B(H). To do that we
divide [0,1] into countably many nonoverlapping subsets E1, E2, E3, . . ., each of which has positive measure. Observe that
if χn is the characteristic function for En , then the function
en = χn√
λ(En)
is a unit vector in L2.
By way of contradiction, we suppose the set C is separable, say Mψn , with n  1, form a countable dense subset of C .
We deﬁne ψ by taking ψ = −ψn almost everywhere on each subset En . Thus |ψ | = 1 almost everywhere on [0,1], and so
Mψ is unitary. However, for each n 1,
‖Mψ − Mψn‖
∥∥(Mψ − Mψn)en∥∥= ‖2ψnen‖ = 2‖en‖ = 2,
which contradicts the norm separability of C .
3. Corollaries
We conclude our paper with a few corollaries of Theorem 2.1, whose proof involves a construction of a desired path
of operators in the unitary orbit U(T ) associated with the hypercyclic vector g . Within the proof we have used the hyper-
cyclic vector g in exactly two places. First, the orbit Orb(T , g) is a dense, linearly independent set in the separable, inﬁnite
dimensional Hilbert space H . By the Gram–Schmidt process we generate an orthonormal basis {ei: i  1} of H satisfying
condition (2.2). We then use this orthonormal basis to generate the countable collection U of unitary operators. The sec-
ond place occurs in the proof of Claim 2, where we use the fact that {spanOrb(T , g)} \ {0} ⊆ HC(T ). However, we can
further make arrangements so that the nonzero vectors in the span of a countable linearly independent set are all common
hypercyclic vectors.
Corollary 3.1. Let {ui ∈ H: i  1} be a linearly independent subset of H that spans a dense linear manifold of H, and let T in B(H) be
a hypercyclic operator. Then there exists a path of operators {Gt ∈ B(H): t ∈ [0,∞)} contained entirely in the unitary orbit U(T ) for
which U(T ) ⊆ {Gt ∈ B(H): t ∈ [0,∞)}SOT and (span{ui: i  1}) \ {0} ⊆⋂t∈[0,∞) HC(Ft).
Proof. An application of the Gram–Schmidt orthogonalization process on {ui} generates an orthonormal set with the exact
same linear span as {ui}. Hence a quick review of the statement of the corollary shows that we need only to provide a proof
for the case that the given set {ui: i  1} is an orthonormal basis of H . Fix any hypercyclic vector g in HC(T ). Let {ei: i  1}
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process, and let { F˜t : t ∈ [0,∞)} be the path of operators contained entirely in the unitary orbit U(T ) whose SOT-closure
contains U(T ) and for which{
span{ei: i  1}
} \ {0} = {spanOrb(T , g)} \ {0} ⊆ ⋂
t∈[0,∞)
HC( F˜t).
Deﬁne a unitary operator V : H −→ H by V ui = ei for every integer i  1, and for each t ∈ [0,∞) let Ft = V ∗ F˜t V . Since
the operator V is unitary, each operator Ft along the path is in the unitary orbit U(T ), and the SOT-closure of the path
of operators {Ft : t ∈ [0,∞)} contains the unitary orbit U(T ). Moreover, for any nonzero vector h in the linear span of
{ui: i  1}, the vector V h is a nonzero vector in the linear span of {ei: i  1}, and so for each t ∈ [0,∞), we have V h ∈
{spanOrb(T , g)} \ {0} ⊆ HC( F˜t). Therefore, by statement (2.14), this implies that h ∈ HC(V ∗ F˜t V ) = HC(Ft) for each t . 
It is obvious that the corollary above holds true for any hypercyclic operator T satisfying other additional properties
preserved by unitary conjugation, particularly for a chaotic operator T , which is a hypercyclic operator having a dense set
of periodic points in H . Here a periodic point is a vector h for which there exists a positive integer n such that Tnh = h. It is
clear that every operator in U(T ) is also chaotic, whenever T is chaotic.
At last, we turn our attention to the weak topology of H . An operator T in B(H) is said to be weakly hypercyclic if there
exists a vector g in H for which its orbit Orb(T , g) is dense in H with respect to the weak topology of H . Any such vector g
is called a weakly hypercyclic vector for the operator T , and we use the notation WHC(T ) to denote the set of weakly
hypercyclic vectors for T . It was proved by Chan and Sanders [12] that an operator can be weakly hypercyclic without
being hypercyclic. They also showed that if g is a weakly hypercyclic vector for the operator T , then the orbit Orb(T , g)
is a linearly independent set whose linear span is dense in H . So, one can use the Gram–Schmidt process on Orb(T , g)
to generate an orthonormal basis which satisﬁes condition (2.2). Moreover, we have {spanOrb(T , g)} \ {0} ⊆ WHC(T );
see [12]. With these two observations, we can establish a weakly hypercyclicity version of Theorem 2.1 with essentially the
same proof.
Corollary 3.2. Let T in B(H) be a weakly hypercyclic operator. Then for each g ∈ WHC(T ), there exists a path of operators {Ft ∈
B(H): t ∈ [0,∞)} contained entirely in the unitary orbit U(T ) for which U(T ) ⊆ {Ft ∈ B(H): t ∈ [0,∞)}SOT and {spanOrb(T , g)} \
{0} ⊆⋂t∈[0,∞) WHC(Ft).
We remark that the set WHC(T ) of weakly hypercyclic vectors for a weakly hypercyclic operator T is norm-dense in H ,
but it is not known whether it must be a Gδ set. So, in Corollary 3.2, we can only say that the set of common hypercyclic
vectors for the path of operators is a dense set which contains {spanOrb(T , g)} \ {0}, while we can say in the conclusion of
Theorem 2.1 that the common hypercyclic vectors indeed form a dense Gδ set.
With Corollary 3.2 in mind, a quick review of the proof of Corollary 3.1 shows that it works perfectly well for a weakly
hypercyclic operator T . In other words, if {ui ∈ H: i  1} is a linearly independent subset whose linear span is dense
in H , then there exists a path of operators {Gt ∈ B(H): t ∈ [0,∞)} contained entirely in the unitary orbit U(T ) for which
U(T ) ⊆ {Gt ∈ B(H): t ∈ [0,∞)}SOT and (span{ui: i  1}) \ {0} ⊆⋂t∈[0,∞) WHC(Ft).
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